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Abstract 
Arithmetical comprehension is proved to be equivalent to the enumerability of singular points 
of any measure on the Cantor space. It is provable in ACAo that any perfect closed subset of 
[0, l] is the support of some continuous positive linear functional on C[O, 11. 
1. Introduction 
In this article, we first discuss some choice principles which are equivalent to II:- 
CA, i.e. arithmetical comprehension. In Section 3, we prove an equivalence between 
arithmetical comprehension and enumerability of singular points of measures on the 
Cantor space. One direction of the proof uses Xi-AC. While it is almost trivial to 
show that any perfect binary tree is the support of some continuous measure on the 
Cantor space, it takes an effort to extend this to a parallel result for the complete metric 
space [0, 11. The main theorem of Section 4 is to prove in AC& that any perfect closed 
subset of [0, l] is the support of some continuous positive linear fUnctiona on C[O, 11. 
We assume that readers are familiar with the language of second-order arithmetic. 
The weak subsystem RCA0 is the system consisting of basic axioms of arithmetic with 
X:-induction scheme and A:-CA. The subsystem AC& is RCA0 plus l-I:-CA. The 
subsystem AT& is AC& plus arithmetical transfinite recursion. 
Certain concepts of analysis are used as codes in the language of second-order 
arithmetic in this article. We here only briefly mention a few basic concepts. 
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A code for a real number, or a point in R, is a strong Cauchy sequence (r, : n E N) 
of rationals. In general, a complete separable metric space is coded in the language 
of second-order arithmetic by a countable dense set and a metric. Similarly developed 
is the concept of a complete separable Banach space which is coded by a countable 
dense subset and a norm. 
A basic open interval (with rational endpoints) of reals, in notation I = (r,s), is 
coded by rationals r and s such that r < s. Open and closed subsets of reals can be 
coded as sequences of basic open intervals. 
For details of the development of these concepts, see [l, 5, 61. 
2. Choice principles equivalent o ACAo 
Xi-AC is the scheme 
where $ is Ci and X,, = {m:(m,n) E X}with (m, n) being the standard pairing function. 
Lemma 1 (RCAo). Arithmetical comprehension implies Xi-AC. 
Proof. We prove Xi-AC in ACAa. Given a Ci formula 
+(4X) = 3 t&,4X), 
where Ic/ is II:. Assume that VnELX~(n, X). In RCAa, it is provable that there is a 
sequence of binary trees Tk,n such that t,b(k,n,X) if and only if X is a path of Tk,“. 
Let h(n) be the least of k such that Tk,, is infinite. 
Construct the tree T as follows: To contains the empty sequence. T”+‘, the (n + 1 )th 
level of the tree T, is the set that consists of all s of length n + 1 such that s[n] E T”, 
Zh(s(n)) = n + 1, and 
Vj Q i d n (s(n)(i) E T$t; A s(i)(j) C s(n)(j)) . 
We can see that T is of finite-branching. Assume s E T”. There are only finitely many 
o such that s ^ rs E Tnf ’ , since o must be a sequence of length n+ 1 of binary sequences 
of length n + 1. To show that T is infinite, fix an n > 0. Since Th(i),i is infinite for all 
i < n, let ti be a binary sequence of length n + 1 in Th(i),i. Define s to be such that 
s(j) = (ti[j + I] : i < j) 
for any j ,< n. It is obvious that s E T”+‘. 
K&rig’s lemma is the statement that any infinite finite-branching tree has a path. 
Konig’s lemma is provable in ACAs. Therefore, there is a path f of the tree T. Note 
that f(n)(i) E Th(i),i and f(n)(i)C f(m)(i) for any i < n ,< m. Let 
X = {(j,i): f(j+i)(i)(j) = I}. 
We have xi = Un,i f( )(‘) n z as a path of Th(i),iy and hence +(&Xi). •! 
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We want to mention that there is the equivalence between II:-CA and other types 
of choice scheme. 
Cq-DC scheme: VnVX3Y d~(n,X, Y) -+ 3ZVn&n,Z”,Z,,) and 
Strong $-DC scheme: 3ZVn(3Y &n,Z”, Y) --) &n,Z”,Z,)), 
where 4 is Ci. 
Theorem 2 (RC&). All three choice principles are equivalent to II!-CA. 
Proof. It is obvious that Strong Cq-DC +- Cq-DC + Et-AC. The proof of x:-AC =+- 
II!-CA is very easy and is given as follows: Given any II! formula 4. Let 
l+@,X) = (4(n) A 0 E X) v (1&n) A 0 $ X). 
q$ is A!j and VnEtXtj(n,X). By Et-AC, there is X such that Vn tj(n,X,,). Let Z = {n : 
(0,n) E X}. Then it is obvious that Z = {n : 4(n)}. 
The proof of Strong Cq-DC in ACAs is similar to, but more complicated than, the 
proof of Lemma 1. Since this theorem has no direct applications in the remainder of 
the article, the proof is skipped here. 0 
3. Singular points and supports of measures on the Cantor space 
The Cantor space 2” is the familiar separable metric space with the countable dense 
set Seq2. In the language of second-order arithmetic, a code for a probability measure 
on the Cantor space is a non-negative function M : Seq2 -+ R such that M(0) = 1 and 
M(s0) + M(s1) = M(s) for any s E Seqz. A point f E 2” is said to be a singular 
point of M if 
M(f) = liyM(f[n]) > 0. 
If a measure has no singular points, it is said to be continuous. 
The minimal w-model of AC&, ARITH, consists of all subsets of o which are first- 
order definable over (0, +, ., 0, 1, < ). It is well known that there is a binary tree in 
ARITH which has no perfect subtrees, yet the paths are not arithmetically enumerable. 
The question is whether there exists an arithmetical measure on the Cantor space which 
makes all of the paths of this tree singular. The answer to this is negative. 
Theorem 3 (ACAs). The set of singular points of any discontinuous measure M on 
the Cantor space is enumerable, in the sense that there exists (f n : n E N) c 2” such 
that f E 2” is a singular point of M if and only if f = fn for some n E N. 
Proof. Given any M which is not continuous. We will reason in AC&. Let &n,m, f) 
be the following A! formula: 
Vi < m M((f )i) 2 & 
> 
A Vi, iGm(i#i-+(fh#(f)j). 
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Note that (f)i is the sequence in 2” such that (f)i(j) = f((j,i)), where (j,i) is the 
standard pairing function. It is provable, in the presence of the so-called weak Konig’s 
lemma, that 3f$(n, m,f) is equivalent to a Ci formula @(n,m). 
Since A4 has singular points, there is no such that 
Vn 2 no 3m@(n, m). 
However, since A4 is bounded by 1, 
++I, 2” + 1). 
Therefore there exists a function h : {n : n 2 no} t N such that h(n) is the unique m 
such that 
Vk < mQ(n,k) A +P(n,m + 1). 
Let $(n,f) z &n,h(n), f). @ is a C!j formula and 
VPI > no 3f Il/(n, f). 
From Lemma I, by Xi-AC, there is f * such that 
v?r 2 no@, (f * )n ). 
We claim that ((f *)n,k : n > no A k < h(n)) is an enumeration of all singular points 
of M. Given any n 2 no and k < h(n). &n,h(n),(f *),,) implies that 
M((f *)“A) 3 &Y 
and hence (f *)“,k is a singular point. Given any singular point f of it4 and assume 
that M(f) 2 2~” for some n > no. There must be a k < h(n) such that f = (f *),+ 
otherwise $(n,h(n) + 1,g) for the function g, where (g)k = (f *)n,k if k < h(n) and 
(g)k = f otherwise. This is in contradiction with the definition of h. •i 
We want to prove a technical lemma and explore some other related concepts which 
are useful in later sections. 
Lemma 4 (RC&). Given any binary tree i? Define M : Seqz -+ R to be that M(0) = 1 
and 
1. M(si) = M(s)/2, if both SO and sl are in T or both are not in T, 
2. M(si) = M(s) ifsi E T but sj $ T, where j = 1 - i, or 
3. M(si) = 0, otherwise. 
The following hold true: 
(a) M(s) > 0 for any s E T. 
(b) M(f) = 0, if f is not a path of M. 
(c) If T has no exterior nodes, M(s) > 0 if and only ifs E T. 
(d) If T is perfect, M is continuous. 
Proof. Trivial. Cl 
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Now we want to prove the reversal of Theorem 3. 
Theorem 5 (RCAc). The following are equivalent: 
1. AC&. 
2. The set of all singular points of any discontinuous measure M on the Cantor 
space is enumerable. 
Proof. The proof of Theorem 3 gives the proof of one direction. The reversal is 
as follows: Given any II:-formula 4. We will construct a binary tree T c Seqz and, 
following Lemma 4, the corresponding measure M on the Cantor space. If there exists 
an enumeration, we prove that 4 is C(: with this enumeration as a parameter. By 
A:-comprehension, there exists the set 2 = {n E N : 4(n)}. 
The construction: Suppose that 4(n) = Vm Il/(n,m), where II/ is a At-formula. Let 
T be the binary tree that consists of s E Seqz such that either 
Vi < lb(s) (s(i) = 1) 
or there exist n and m such that n + m + 1 = lb(s) and 
Vj < mll/(n,j)AVi < n(s(i)= l)AVjjm(s(n+j)=O). 
The rightmost path of the tree is f = (1, 1 , . . .). Let 1, represent he infinite binary 
sequence f such that 
Vi (i < nHf(i)= 1). 
f is a path of T other than the rightmost if and only if 
3n(&)Af = 1,). 
Let the probability measure M on the Cantor space be defined as in Lemma 3. 
M(f) 2 2++‘) if f = 1, is a path. The measure M is not continuous. 
. Suppose that there is (f n n E IV) such that f E 2” is a singular point of M if and 
only if f = f ,, for some n E N. We claim that 4(n) is equivalent to the C(: formula 
Zlk[fk(n) = 0~Vi < n(fk(i) = l)]. 
The proof is easy. If 4(n), 1, is a path of T and a singular point of M, and hence is 
fk for some k. On the other hand, assume that 
fk(n)=OAVi < n (fk(i)= 1) 
for some k E N. Since M( f k ) > 0, from Lemma 3 and the structure of T, it must be 
a path other than the rightmost, and hence there is m E N such that 4(m) and f = 1,. 
It is obvious that n = m, and hence 4(n). 0 
Finally, to end this section, we prove a theorem which gives a statement equivalent 
to ATRe. The combination of the last two theorems of this section clarifies the question 
concerning binary trees without perfect subtrees. 
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Theorem 6 (ACAs). The following are equivalent: 
1. AT&. 
2. If a tree T c Seqz has no perfect subtrees, then there is a measure M on the 
Cantor space such that any path of T is a singular point. 
Proof. (1) -+ (2): If T c Seqz has no perfect subtrees, in ATR,-,, we can prove that 
the set of all paths of T is enumerable in the sense that there exists (fn : n E N) such 
that f = fn for some n E N, if f E 2” is a path of T. We define a measure M on 
the Cantor space by 
M(s)=x 
It is easy to verify that M is a measure and M(f,,) 2 2-(“+l), since 
for any n E IV. We proved that any path of T is singular for this measure. 
(2) --) (1): Follows from Theorem 3, statement (2) implies that any binary tree 
without perfect subtrees has only countable many paths. This statement implies ATRs. 
See [2]. 0 
4. Supports of measures on Cantor space and of positive linear functiooals 
on C[O, l] 
It is easy to prove the following result for the Cantor space. 
Lemma 7 (RC&). If T is a perfect binary tree, there is a continuous measure M 
on the Cantor space such that T is the support of M, in the sense that s E T if and 
only if M(s) > 0. 
Proof. Follows from Lemma 4. 0 
The main theorem of this section, Theorem 8, is parallel to Lemma 7 for the complete 
separable metric space of the closed unit interval [0, 11. 
C[O, l] is coded in the language of second-order arithmetic as the complete separable 
Banach space with the countable dense set of all polynomials of rational coefficients. 
It is provable in RC& that all continuous functions with uniform modulus are points 
of the Banach space. 
A positive linear functional ~1 is coded as a mapping from the separable Banach 
space C[O, l] to R which is linear and positive in the usual sense. Since p(l), where 
1 is the constant one function on [0, 11, is finite, fi is always bounded. 
In this article we ship the discussion of measures on [0, l] in general. Bear in 
mind that over RCAs, measures on [0, l] are defined through coding of positive linear 
functionals on the separable Banach space C[O, 11. For details, see [5, 61. 
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For any basic open interval (T,s), we let p((t+,s)) stand for 
211 
sup{p(g) : g E C[O, l] A 0 < g < 1 A g(x) = 0 for any x not in (T,s)}. 
A real number x E [0, l] is said to be in the support of the functional p if p(Z) > 0 
for any basic open interval Z containing x. A real number x E [0, l] is said to be 
a singular point of p if there is E > 0 such that p(Z) 2 E for any basic open inter- 
val containing the point x. If p has no singular points, the functional is said to be 
continuous. 
Theorem 8 (ACAa). Zf a closed subset C of [0, l] is perfect, there is a continuous 
positive linear functional on C[O, l] whose support is C. 
The following lemmas are used to bridge binary trees and closed subsets of [0, 11, 
and to bridge the measures on the Cantor space and positive linear functionals on 
the complete separable Banach space C[O, 11. The lemmas thus provide the necessary 
technical details of the proof of the main theorem. 
Lemma 9 (RCA*). Given a code for a closed subset C 
prehension implies that there is a tree T cSeq2 such 
C n [a(s), b(s)] # 0, where 
of [O,l]. Arithmetical com- 
that s E T if and only if 
and 
b(s) = 4s) + A. 
Zf C is perfect, the tree T is also perfect. 
Proof. Straightforward. Cl 
Lemma 10 (RCAa). Given any continuous measure M on the Cantor space. There is 
a continuous positive linear functional p on CIO, l] such that M(s) = &(a(~), b(s))) 
for any s E Seqz. 
Proof. Let M be any given continuous measure on the Cantor space. Define a sequence 
of positive linear ftmctionals 
where the integral is the Riemann integral of polynomials. Finally, let p(p) = lim, p”(p). 
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We must show that h indeed exists as a positive linear functional. It is sufficient o 
show that p”(p) converges at a predictable speed for any given polynomial p. Fix a 
polynomial p. We have 
IPYP) - PC”(P)1 d Cl*(s)=n2nM(S) l;;’ P(X)& - l;;;) P(X)&1 
for any n E k4. Notice that 
Is 
&Q) &I) 
P(X)& - 
44 1 I 
Ml 
a(sl) 
P(X)& G 22n+l’ 
where I(pIJ is the supreme norm. We can prove that 
I/.4”+‘(p) - /f(p)1 c c mf(s)$$ =9. 
Ih(s)=n 
This completes the proof of p being a functional. 
The proof of M(s) 3 p((a(s),b(s))) for any s E Seqz is trivial. For the proof of the 
other inequality, fix an s E Seqz. Let 
‘@Pm) = ‘6) + 2’h@;+,,j+i 
d(s,m) = b) - 2,h(.;+,“+, ’ 
We want functions p,,, in C[O, l] to be such that 0 G p,,, < 1, p,,, = 1 on the closed 
interval [c(s, m), d(s, m)] and p,,,(x) = 0 for any x not in (a(s), b(s)). These functions 
can be “trapezoid functions” and defined easily. Let u,,, = s^(O,O,. . .,O) and u, = 
s^(l,l,..., l), where both u,,, and u,,, are of length /h(s) + m + 1. Note that M(um) + 
M(om) is 
C{M(t) : s c t A k(t) = n A (b(t) < c&m) v a(t) 2 d(s,m))) 
for any n > IA(s) + m. From the construction, we can prove that 
P( Pm ) b W) - M(h) - ~(~~) 
for any n > Ih(s)+m. Since A4 is continuous, we have lim, M(u,) = lim, M(u,) = 0, 
and hence 
~((4s)~ b(s)) 2 li,m P(P~) 3 M(s). 
To show that p is continuous, first consider any point x E [0, l] which is not rational. 
There is f E 2” such that x E (a(f [n]), b(f [n])) for any n E N. This implies that x 
is not singular because 
M(f) = li,m Wf @I) = li,m p((4f @I), Nf [nl))) = 0. 
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Secondly we consider a point 0 < x < 1 which is rational and x = a(s1). Let 
fc = s-(0,1, 1, . ..) 
and 
j-1 =s^(l,O, 0, . ..). 
Note that x is in the open interval (a(fc[n]),b(ft[n])) and 
x = Ul [nl) = wo[~l) 
for any n > h(s). Similar to the proof of ,u((a(t),b(t))) = M(t) earlier, if a(t) = b(t*), 
we can prove that p((u(t*),b(t))) = M(t*) + M(t). Therefore 
/4(4_fO[~l)~ wfl [nl))) = Wfo[nl) + Wfl bl) 
for any n > /h(s). x is not singular because M(fs) f M(ft ) = 0. 
This completes the proof of p being continuous. 0 
Proof of Theorem 8. Given a closed subset C of [0, 11. Let tree T be as in Lemma 9. 
C is perfect implies that T is perfect. Measure M on the Cantor space is the one defined 
in Lemma 4 and /A is the one defined from A4 as in Lemma 10. A4 is continuous, as 
well as p is continuous. 
If x is a point in C, any basic open interval I containing x must contain an interval 
(u(s),&)), where x E C rl [u(s), b(s)]. s E T implies that &(a(~),&))) > 0, and 
implies that ~(1) > 0, and hence x is in the support of p. If x is not a point of C, 
there is s E Seqz such that x is contained in the basic open interval (u(s),b(s)) and 
s $! T. p(u(s),b(s)) = 0 implies that x is not in the support of p. This completes the 
proof of the theorem. 0 
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